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In this paper, we study the class of rings in which every flat ideal is finitely generated. We
investigate the stability of this property under localization and homomorphic image, and
its transfer to various contexts of constructions such as direct products, pullback rings, and
trivial ring extensions. Our results generate examples which enrich the current literature
with new and original families of non-Noetherian rings that satisfy this property.
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1. Introduction
Throughout this work, all rings are commutative with identity element, and all modules are unitary. By a ‘‘local’’ ring, we
mean a (not necessarily Noetherian) ring with a unique maximal ideal.
A ring R is called an FF-ring if every flat ideal is finitely generated. In particular, Noetherian rings are FF-rings. Also, every
local ring (R,M)withM2 = 0 is an FF-ring by [20, Lemma 2.1].
Let T be a ring and letM be an ideal of T . Denote by π the natural surjection π : T −→ T/M . Let D be a subring of T/M .
Then, R := π−1(D) is a subring of T andM is a common ideal of R and T , such that D = R/M . R is known by a pullback ring
associated to the following pullback diagram:
R := π−1(D) π/R−→ D = R/M
i ↓ ↓ j
T
π−→ T/M
where i and j are the natural injections.
As a particular case of this pullback is theD+M-construction, when the ring T is of the form K+M , where K is a field and
M is a maximal ideal of T , and R becomes the form D+M . This construction have proven to be useful in solving many open
problems and conjectures for various contexts in ring theory ( See for example [2,3,7–9,12] and [11, Section 1, Chapter 5]).
Let A be a ring and E be an A-module. The trivial ring extension of A by E (also called the idealization of E over A) is the
ring R := A ∝ E whose underlying group is A×E withmultiplication given by (a, e)(a′, e′) = (aa′, ae′+a′e). For the reader’s
convenience, recall that if I is an ideal of A and E ′ is a sub-module of E such that IE ⊆ E ′, then J := I ∝ E ′ is an ideal of R.
The idealization can be used to extend results about ideals to modules and to provide interesting examples of commutative
rings with zero divisors. For more details, the reader may consult [11,14].
FF-property was first studied in [20] where Sally and Vasconcelos showed that this property is stable under polynomial
and power series extensions and under finite projective extensions. However, nontrivial examples of FF-rings are rare. The
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purpose of this paper is to give some simple methods in order to construct FF-rings. For this, we investigate the stability of
the FF-property under localization and homomorphic image, and its transfer to various contexts of constructions such as
direct products, pullback rings, and trivial ring extensions. Our results generate original examples which enrich the current
literature with new families of non-Noetherian rings satisfying the FF-property.
2. Extensions and direct products of FF-rings
We start with the following globalization of a result in [20, Lemma 2.1] which states that in a local ring (R,M) if an ideal
I is flat then either I = MI or I is principal. Recall that an ideal I in a ring R is a cancellation ideal if whenever IA = IB for
ideals A and B of R, then A = B. Regular principal ideals and invertible ideals are cancellation ideals.
Proposition 2.1. An ideal in a commutative ring is faithfully flat if and only if it is a cancellation ideal.
Proof. Let I be a faithfully flat ideal of a ringR, and letN be amaximal ideal ofR. Then IRN isRN -flat.We claim that IRN ≠ INRN .
Deny, we have IRQ = INRQ for every maximal ideal Q ≠ N , since N blows up in RQ . So I = NI , a contradiction. By the result
cited above [20, Lemma 2.1], IRN is a principal ideal. By flatness, the ideal IRN is regular. It follows that I is locally a regular
principal ideal. Hence I is a cancellation ideal [1, Theorem]. Conversely, let I be a cancellation ideal of a ring R. Clearly, I ≠ IM
for every maximal ideal M . By [1, Theorem], I is locally a regular principal ideal. So I is locally flat, and hence a flat ideal.
Therefore, I is a faithfully flat ideal of R. 
Remark 2.2. We can define a weak FF-property on a ring R such that each faithfully flat ideal of R is finitely generated.
This is equivalent to the finiteness of cancellation ideals (Proposition 2.1). In an integral domain, this is equivalent to the
invertibility of cancellation ideals. However, this weak form of the FF-property is not equivalent to the FF-property, since
any local ring has the weak FF-property.
In general, few nontrivial examples (e.g. non-Noetherian) of FF-rings are known; in the class of integral domains we have
the following examples. Note that in these examples, flatness is equivalent to cancellation.
Example 2.3. In an integral domain, a finitely generated ideal is flat if and only if it is projective. On the other hand, an ideal
is projective if and only if it is invertible, and hence finitely generated. Thus an FF-domain is a domain in which each flat
ideal is invertible. In [21, Corollary 4], the author showed that flat ideals in a Mori domain are invertible. So, Mori domains
are FF-domains. In particular, Krull domains and UFDs are FF-domains.
Remark 2.4. Recall that an A(0)-ring is a ring over which finitely generated flat modules are projective. It is well known
that semi-local rings and integral domains are A(0)-rings. By [13, p. 4], a ring R is an A(0)-ring if and only if for every ideal
I of R, if R/I is R-flat, then I is finitely generated. As a consequence, an FF-ring is an A(0)-ring. To see this, let I be an ideal
of an FF-ring R such that R/I is R-flat. Clearly, I is R-flat, and hence I is finitely generated by the FF-property. Thus each flat
ideal in an FF-ring is projective.
The FF-property descends into a faithfully flat ring homomorphism.
Proposition 2.5. Let R −→ S be a ring homomorphism making S a faithfully flat R-module. If S is an FF-ring, then so is R.
Proof. Let I be a flat ideal of R. Then, I ⊗R S ∼= IS is a flat ideal of S, so I ⊗R S is a finitely generated S-module since S is an
FF-ring. Then, I is a finitely generated ideal of R since S is a faithfully flat R-module. So, R is an FF-ring. 
We combine this proposition with [20, Theorem 4.1] to get the following corollary.
Corollary 2.6. Let D be a domain and let X be an indeterminate over D. The following statements are equivalent.
1. D is an FF-ring.
2. D[X] is an FF-ring.
3. D[[X]] is an FF-ring.
Corollary 2.7. Let D be a domain and let R be a finite faithfully flat D-algebra. Then D is an FF-ring if and only if R is an FF-ring.
Proof. Since R is finite and flat over the domain D, it is projective. The result follows from [20, Corollary 5.2] and
Proposition 2.5. 
Remark 2.8. (1) A faithfully flat algebra over an FF-ring need not be an FF-ring. Consider a valuation domain of the form
V = K +M (K is a field andM the maximal ideal) which is not a rank one DVR. Then V is a K -vector space (free over K ) but
it is not an FF-ring (cf. Corollary 3.8).
(2) Simple extensions of a ring D are an important class of D-algebras. Assume that D is an FF-domain: the question is,
when such algebras are FF-rings? Let R = D[α], a simple D-algebra. If α is transcendental over D, then R is an FF-ring as we
have seen in Corollary 2.6. However, if α is algebraic over D, R need not be an FF-ring, see Example 3.9.
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An important class of FF-rings are the rings in which each flat ideal is principal. By the result on flat ideals mentioned
above, local FF-rings are among this class. By using [20, Lemma 2.1], in some cases it is easy to check when a local ring has
the FF-property. So a natural question arises: is a locally FF-ring an FF-ring? The answer is negative as the following example
shows.
Example 2.9. Let R be a non-Noetherian Von Neumann regular ring [5, Example 2.7]. Then:
1. R is not an FF-ring.
2. RM is an FF-ring for each maximal idealM of R (since RM is a field).
Nevertheless, if the ring has the finite character property, we get a positive answer, i.e., locally FF-rings are FF-rings. Recall
that a ring R is of finite character if every nonzero non-unit element of R is contained in only a finite number of maximal
ideals. The semi-local rings are of finite character.
Theorem 2.10. A locally FF-ring of finite character is an FF-ring. In particular, if R is a domain, any finite intersection of local
FF-domains of the form ∩PRP , where the P’s are prime ideals, is an FF-domain.
Proof. Let R be a ring. Assume that R is a locally FF-ring of finite character. Let I be a nonzero flat ideal of R. Let 0 ≠ x ∈ I
and X be the finite set of maximal ideals containing x. Let N ∈ X . Since IRN is RN -flat, then IRN = xNRN for some xN ∈ I . Let
J be the finitely generated sub-ideal of I generated by x and the xN ’s. One can easily check that IRM = JRM for each maximal
ideal M . Hence I = J , a finitely generated ideal. For the last statement, let {RP}P be a finite set of local FF-domains, and let
T = ∩PRP . It is well known that {PRP ∩ T }P is the set of maximal ideals of T and TPRP∩T = RP for every P . Now apply the first
statement. 
Remark 2.11. In some special cases, the finite character property in the hypotheses of Theorem 2.10 is necessary. Recall
that a domain is almost Dedekind if it is locally rank one DVR. In particular, an almost Dedekind domain is Prüfer and locally
FF-domain. Since in a Prüfer domain each ideal is flat, an almostDedekinddomain is an FF-domain if andonly if it is Dedekind.
On the other hand, it is well known that an almost Dedekind domain is Dedekind if and only if it is of finite character.
We end this section by a result establishing the transfer of the FF-property to the finite direct product of rings.
Theorem 2.12. A finite direct product of rings, R :=∏ni=1 Ri is an FF-ring if and only if each Ri is an FF-ring.
Proof. We use induction on n; it suffices to prove the assertion for n = 2. Let R1 and R2 be two rings. Note that I is an ideal
of R1 × R2 if and only if I = I1 × I2 for some ideals I1, I2 of R1 and R2, respectively. On the other hand, I is flat (resp., finitely
generated) if and only if Ii is Ri-flat (resp., finitely generated), i = 1, 2 (cf. [16, Lemma 2.18] and [18, Lemma 2.5.(1)]). 
3. FF-property in pullbacks and trivial ring extensions
We start with the study of the FF-property in the D+M constructions. We adopt the following riding assumptions and
notations: T is a ring of the form T = K + M , where K is a field and M is a nonzero maximal ideal of T , D is a subring of K
such that qf (D) = K , and R = D+M . Then, T = S−1Rwith S = D− {0}, and R is a faithfully flat D-module. To see this last
statement, note thatM = MK = M ⊗D K is a K -module and, as such, isomorphic to a direct sum of copies of K , therefore a
flat D-module. It follows that R = D + M is a flat D-module. It is clear that no proper ideal of D blows up in R. Thus, R is a
faithfully flat D-module .
Proposition 3.1. Let T and R be as above. If R is an FF-ring, then so is D.
Proof. This follows from Proposition 2.5. 
Nowwe give an example which shows that the converse of Proposition 3.1 (that is, if D is FF-ring, then R is an FF-ring) is
not true in general.
Example 3.2. Let T = Q[[X]] = Q+ XT be the power series ring over Q and let R = Z(2) + XT . Then:
1. Z(2) is an FF-ring since it is a Noetherian ring.
2. R is not an FF-ring since R is a non-Noetherian Prüfer domain [10, Appendix 2].
But if T is an FF-ring and for any flat ideal J of R the D-module J/MJ is finitely generated, then R is an FF-ring as shown in
the following result.
Theorem 3.3. Let T and R be as above such that T is an FF-ring. Then, R is an FF-ring if and only if for every flat ideal J of R, the
D-module J/JM is finitely generated .
The proof of this theorem involves the following lemma.
Lemma 3.4 ([11, Theorem 5.1.1]). Let Φ : R −→ S be an injective ring homomorphism satisfying the fact that there is an ideal
M of R such that MS = M. Then, an R-module E is finitely generated if and only if E ⊗R S is a finitely generated S-module and
E/ME is a finitely generated R/M-module.
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Proof of Theorem 3.3. Let J be a flat ideal of R, then J⊗R T ∼= JT is a flat ideal of T . So, J⊗R T is a finitely generated T -module
since T is an FF-ring. By Lemma 3.4, J is a finitely generated ideal of R. 
In the case of rings without zero divisors we get more sharp results on the FF-property in D+M constructions.
Lemma 3.5. Let T = K +M be an integral domain, where K is a field and M is a maximal ideal of T . Let D be a subring of K and
let R = D+M. If R is an FF-ring then D is a field.
Proof. Let 0 ≠ d ∈ D and 0 ≠ m ∈ M . Note that since d is a unit in T , we have mdn ∈ R for all integer n. Consider the ascending




dn R is a flat ideal of R, as a direct limit of principal ideals in a domain. By the FF-property, the
ideal I is finitely generated, and hence there exists an integer n ≥ 0, such that mdn R = mdn+1 R. Whence dR = R, that is dD = D.
So d is a unit of D. Hence D is a field.
Theorem 3.6. Let T = K + M be an integral domain, where K is a field and M is a maximal ideal of T . Let D be a subring of K
and let R = D+M. Assume that T is an FF-domain. Then R is an FF-domain if and only if D is a field.
Proof. By Lemma 3.5, we need only to show the ‘‘if’’ part. Assume that D is a field, and henceM is a maximal ideal of R. Let
I be a flat ideal of R. Then I ⊗R T is T -flat. Let 0 ≠ m ∈ M , we have I ⊗R T ∼= I ⊗R mT ∼= mIT ∼= IT . From which we get
the isomorphism of T -modules I ⊗R T ∼= IT . So IT is T-flat. Since T is an FF-domain, IT = JT for some finitely generated
sub-ideal J of I . On the other hand, IRM is flat in RM . By [20, Lemma 2.1], IRM must be principal. Deny, then IRM = MIRM . So
ITM = MITM , which is impossible by Nakayama’s lemma. Let x ∈ I such that IRM = xRM . Set F = J+ xR. One can easily check
that IRM = FRM and IT = FT . Now let P be a maximal ideal of R such that P ≠ M . Since M is also a maximal ideal of R, P
andM are incomparable. Hence there exists Q , a maximal ideal of T such that Q ∩ R = P and RP = TQ [9, p.335]. We have
IRP = ITQ = FTQ = FRP . Thus I = F locally. Hence I = F . Therefore R is an FF-domain. 
If (T ,M) is local, the above theorem can be improved.
Corollary 3.7. Assume that (T ,M) is a local domain. Then R is an FF-domain if and only if D is a field and T is an FF-domain.
Proof. We only need to show that if R is an FF-domain, then T is an FF-domain. Let I be a proper flat ideal of T . Note that I is
also an ideal of R. Assume that I is not principal in T . Then I = MI . We next show that I is R-flat. For this, we use a criterion
on flatness due to Jensen [17]. Let A, B be two fractional ideals of R. Then IA∩ IB = (IM)A∩ (IM)B = I(MA∩MB) ⊆ I(A∩ B);
the second equality holds because I is T -flat. The inclusion I(A ∩ B) ⊆ IA ∩ IB is clear. Whence I(A ∩ B) = IA ∩ IB. So
I is R-flat, and hence finitely generated. But I = IM , which is impossible by Nakayama’s lemma. Hence I is a principal
ideal of T . 
As a consequence, for the classical D+M construction, i.e., T = V = K +M is a valuation domain and R = D+M , we have:
Corollary 3.8. R is an FF-domain if and only if D is a field and V is a rank one DVR.
Proof. Remark that in a valuation domain every ideal is flat, so a valuation domain is an FF-domain if and only if it is a rank
one DVR. 
Example 3.9. A simple extension over an FF-ring need not be an FF-ring. Let V = k(t) + M be a rank one DVR (e.g.,
V = k(t)[X](X)), where k is a field, t an indeterminate over k, andM the maximal ideal of V . Let R = k+M . By Corollary 3.8,
R is an FF-ring, but the simple extension R[t] = k[t] + M is not an FF-ring since k[t] is not a field. Note that the extension
R ⊆ R[t] is algebraic sinceMt ⊆ R.
Another interesting pullback is the D+ XS−1D[X] construction [6].
Proposition 3.10. Let R = D+ XS−1D[X], where S is a multiplicative subset of D \ {0} and X an indeterminate over the domain
D. Then R is an FF-ring if and only if D is an FF-ring and S−1D = D.
Proof. Assume that R is an FF-ring. Let s ∈ S and consider the ascending chain of principal (flat) ideals { Xsn R}n≥0. Then∪n Xsn R
is a flat ideal of R, so it must be finitely generated. Thus there exists an integer n such that Xsn R = Xsn+1 R, that is sR = R. So s
is a unit of D. Hence S−1D = D. The proposition is now a consequence of Corollary 2.6. 
As an application of Theorem 3.3, we have the following result that examines the transfer of FF-property to a trivial ring
extension of the form R := D ∝ E, where D is an integral domain and E is a K(:= qf (D))-vector space. The ring R := D ∝ E
may be defined as a pullback ring, as shown by the following pullback diagram:
R := D ∝ E −→ D =: R/(0 ∝ E)
i ↓ ↓ j
T := K ∝ E π−→ K := T/(0 ∝ E).
Theorem 3.11. Let D be a domain, K := qf (D), and E a K-vector space. Let R := D ∝ E be the trivial ring extension of D by E.
Then R is an FF-ring if and only if so is D.
To prove this theorem, we need the following lemma.
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Lemma 3.12. Let T := K ∝ E be the trivial ring extension of a field K by a K-vector space E. Then there exists no proper flat ideal
of T .
Proof. Let J := 0 ∝ E ′ be a proper ideal of R, where E ′(⊆E) is a K -vector space. We claim that J is not flat. Deny. Let
{fi}i∈I be a basis of the K -vector space E ′ and consider the R-map R(I) u→ J defined by u((ai, ei)i∈I) = (0,∑i∈I aifi). Clearly,
Ker(u) = (0 ∝ E)(I). Hence, by [1, Theorem 3.55], we obtain
(0 ∝ E)(I) = (0 ∝ E)(I) ∩ (0 ∝ E)R(I) = (0 ∝ E)(0 ∝ E)(I) = 0,
a contradiction. Hence, J is not flat and this completes the proof. 
Proof of Theorem 3.11. If R is an FF-ring , then D is an FF-ring by Proposition 3.1. Conversely, Assume that D is an FF-ring
and let J be a nonzero flat ideal of R. Set T := K ∝ E, which is a flat R-module since T = S−1R, where S = D − {0}. So,
JT (=J ⊗R T ) is a nonzero flat ideal of T . By Lemma 3.12, JT = T = K ∝ E. Therefore, there exists (a, e) ∈ J such that a ≠ 0
which implies that J = I ∝ E for some nonzero ideal I of D. We show that I is a flat ideal of D. Indeed, by [4, Proposition
4.1.1], for any D-module N , TorD1 (I,N⊗D R) = TorR1(I⊗D R,N⊗D R) = 0. On the other hand, N is a direct summand of N⊗D R
since D is a direct summand of R. Therefore, TorD1 (I,N) = 0 for all D-module N . This means that I is a flat ideal of D. So, I is
a finitely generated ideal of D since D is an FF-ring.
Finally, J/(0 ∝ E)J ∼= I is a finitely generated D-module, and by Lemma 3.12, T := K ∝ E is an FF-ring. According to
Theorem 3.3, the proof is complete. 
The aforementioned result enriches the literature with new examples of FF-rings with zero divisors which are not
Noetherian.
Example 3.13. Let Z denote the ring of integers, let Q denote the field of rational numbers and let R := Z ∝ Q[X] be the
trivial extension ring of Z by the polynomial ring Q [X]. Then:
1. R is an FF-ring.
2. R is not coherent by [15, Theorem 2.8 (1)]. In particular R is not Noetherian.
Now, we explore the transfer of the FF-property to the trivial ring extensions of the form R := A ∝ E, where (A,M) is a
local ring andME = 0.
Theorem 3.14. Let (A,M) be a local FF-ring and let R := A ∝ E be the trivial ring extension of A by an A-module E where
ME = 0. Then R is an FF-ring.
Proof. Let J be a flat ideal of R. By [20, Lemma 2.1], wemay assume that J(M ∝ E) = J . Then J = J(M ∝ E) ⊆ (M ∝ E)(M ∝
E) = M2 ∝ 0. Hence J = I ∝ 0 for some ideal I of A. We have J ⊗R A ∼= J ⊗R R/(0 ∝ E) ∼= J/J(0 ∝ E) ∼= I ∝ 0/(I ∝ 0)(0 ∝
E) = I ∝ 0. So, I is a flat ideal of A since J is a flat ideal of R. Hence, I is a finitely generated ideal of A since A is an FF-ring.
Therefore, J is a finitely generated ideal of R, which is impossible by Nakayama’s lemma. 
As an immediate corollary of this theorem, we have the following result.
Corollary 3.15. Let (A,M) be a Noetherian local ring and let R := A ∝ E be the trivial ring extension of A by an A-module E,
where ME = 0. Then R is an FF-ring.
The theorem above enables us to construct other classes of FF-rings which are not Noetherian rings.
Example 3.16. Let (A,M) be a local Noetherian ring and R = A ∝ (A/M)∞ be the trivial ring extension of A by the A-module
(A/M)∞. Then:
1. R is an FF-ring (Corollary 3.15.)
2. R is not coherent ([19, Theorem 2.1]). In particular, R is not Noetherian.
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